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MICKAËL D. CHEKROUN AND HONGHU LIU
Abstract. The goal of this article is to propose an efficient way of empirically improving suboptimal
solutions designed from the recent method of finite-horizon parameterizing manifolds (PMs) introduced
in [CL14] and concerned with the (sub)optimal control of nonlinear parabolic partial differential equations (PDEs). Given a finite horizon [0, T ] and a reduced low-mode phase space, a finite-horizon PM
provides an approximate parameterization of the high modes by the low ones so that the unexplained
high-mode energy is reduced — in an L2 -sense — when this parameterization is applied.
In [CL14], various PMs were constructed analytically from the uncontrolled version of the underlying PDE that allow for the design of reduced systems from which low-dimensional suboptimal
controllers can be efficiently synthesized. In this article, the analytic approach from [CL14] is recalled
and a post-processing procedure is introduced to improve the PM-based suboptimal controllers. It
consists of seeking for a high-mode parametrization aiming to reduce the energy contained in the high
modes of the PDE solution, when the latter is driven by a PM-based suboptimal controller. This is
achieved by solving simple regression problems. The performances of the resulting empirically postprocessed suboptimal controllers are numerically assessed for an optimal control problem associated
with a Burgers-type equation.

1. INTRODUCTION
Various reduction techniques have been proposed in the literature for the design of low-dimensional
suboptimal controllers for optimal control problems of partial differential equations (PDEs) of parabolic type. A general class of model reduction techniques used extensively in this context is the
so-called reduced-order modeling (ROM) approach based on Galerkin approximation techniques making use of specific basis functions such as bases built from the proper orthogonal decomposition (POD)
[HLBR12] and its variants; see e.g. [FHLW12, HK98, HK00, HV05, LT01, Rav02, IR01].
Such Galerkin-based techniques can lead to a synthesis of very efficient suboptimal controllers when,
at a given truncation, the disregarded high-modes do not contribute significantly to the dynamics of
the low modes. However, when this is not the case, the seeking of parameterizations of the disregarded
modes in terms of the low ones becomes central for the design of surrogate low-dimensional models
of good performances. The idea of seeking for slaving relationships between the unstable or least
stable modes with the more stable ones has a long tradition in control theory of large-dimensional
or distributed parameter [Bru91, SK98]. Different approaches have been adopted to construct such
slaving relationships, relevant to control problems, among which we can cite techniques making use of
invariant manifolds such as center/slow/inertial manifolds, or “nearly-invariant” ones such as approximate inertial manifolds (AIMs) [CC92, CD96, CD97, KKO99, SK95, RT97, SK98, AC00, LT05]. The
design of suboptimal solutions to optimal control problems by such techniques have been however less
considered; see however [AC02, IK08].
In this context, a new framework recently introduced in [CL14] — relaxing the seeking of such slaving relationships to a mean-square sense — was shown to be relevant for the design of low-dimensional
suboptimal solutions to optimal control of nonlinear parabolic PDEs, where a priori error estimates
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between a suboptimal controller and the optimal one are easily interpretable within this framework.
New manifolds were introduced in that respect, namely the finite-horizon parameterizing manifolds
(PMs); the latter providing — over a finite horizon [0, T ] — an approximate parameterization of the
high modes by the low ones so that the unexplained (cumulative) high-mode energy is reduced over
[0, T ] when this parameterization is applied; see Section 2 below.
The resulting PM-based reduction approach was shown to be particularly efficient for the design
of low-dimensional suboptimal controllers of good performances for the optimal control of nonlinear
parabolic PDEs involving a Burgers-type nonlinearity. A key PM to do so, introduced in [CL14]
and recalled hereafter, consists of parameterizing the high-mode variables in terms of homogeneous
quadratic polynomials of the low-mode variables whose coefficients are analytically determined; see
h(1) given by (2.12) below. Such a quadratic high-mode parameterization is analytically derived
from the uncontrolled PDE and allows for a design of suboptimal controllers built from PM-based
reduced systems outperforming suboptimal controllers designed from Galerkin reduced systems1, when
typically the dimension of the reduced phase space gets low; an example of such a success is reported
in Section 4.1 below.
As illustrated in [CL14], higher-order terms are however sometimes required to improve the highmode parametrization proposed by h(1) ; such higher-order terms being made analytically accessible
again from the uncontrolled PDE by the method of pullback approximation of the high-modes; see
[CL14, Theorem 2]. In practice, the resulting higher-order PM although allowing for a design of
suboptimal controllers of very good performances [CL14, Section 6] may suffer from rendering the
reduced systems more cumbersome to their numerical manipulation.
In this article, we propose a simple alternative approach to improve the performances of h(1) based suboptimal controllers while keeping cheap the numerical cost. It makes use of a natural
post-processing procedure which consists of seeking for slaving relationships of PM type once the
∗ is driven by the h(1) -based suboptimal controller, rather than from the uncontrolled
PDE solution yR
PDE. This is accomplished by solving a simple L2 -regression problem over [0, T ], where the high-mode
∗ is regressed onto quadratic polynomial functions of its low-mode part, which include, this
part of yR
time, linear and constant terms.
In Section 2, the framework of PMs, the error estimates between a PM-based suboptimal controller
and the optimal one, and the explicit formulas of quadratic PMs for bilinear parabolic PDEs, are
recalled. The new post-processing procedure is described in Section 3. Numerical applications to
a Burgers-type equation are presented in Section 4 where as a main result it is shown that the
post-processed procedure allows for a synthesis of low-dimensional suboptimal controllers able to
dramatically improve the h(1) -based ones, while keeping cheap its numerical cost.
2. Finite-Horizon Parameterizing Manifolds for the Design of Suboptimal Solutions
In this section, we introduce the optimal control problems that will be dealt with and recall from
[CL14] some key elements of the finite-horizon PMs that we will rely on to introduce in Section 3 the
corresponding post-processing procedure.
2.1. Functional framework. To simplify the presentation, we will restrict the exposition of main
ideas and techniques to the class of PDEs written in the following functional form [Lio71]:
dy
= Ly + B(y, y) + Cu,
(t, x) ∈ (0, T ] × Ω,
(2.1)
dt
where Ω ⊂ Rd is a bounded (smooth) domain, y(t, x) is the state variable, and u(t, x) a control field; L
is typically a second-order dissipative differential operator (e.g. the Laplacian), B a bilinear operator
1associated with a standard eigenfunctions basis.
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of advection type (e.g. B(y, y) = y · ∇y), and C a bounded linear operator acting on some appropriate
(separable) Hilbert space H.
The bilinear term in (2.1) causes typically a loss of (spatial) regularity, for which the subspace
V ⊂ H constituted by more regular functions than those in H is introduced so that B(y, y) ∈ H
for all y ∈ V. Throughout the article, we will make use of such a subspace, assuming in particular
that L and B are chosen so that the Cauchy problem associated with (2.1) is well-posed for any
controller u ∈ L2 (0, T ; H) and any initial data in H; see [Lio71, Tem95]. We will also assume L to
be self-adjoint. Its eigenvalues (arranged in descending order) will be denoted by {βi }i∈N , and the
eigenmodes by {ei }i∈N , forming a Hilbert basis of H endowed with the H-norm k · k. The V-norm will
be denoted by k · kV .
The optimal control problems considered in this article take then the form of:
(P)

min J(y, u) s.t.

(y, u) ∈ L2 (0, T ; H) × L2 (0, T ; H) solves (2.1) subject to y(0) = y0 ∈ H.

with the cost functional J : L2 (0, T ; H) × L2 (0, T ; H) → R+ given by
Z T
(2.2)
J(y, u) :=
[G(y(t)) + E(u(t))] dt + CT (yT ).
0

where G, E, and CT denote continuous mappings from H to R+ . Following [CL14], G will be furthermore assumed to be uniformly Lipschitz on bounded sets of H, and E to satisfy that E(u) ≤ E(v)
when kuk ≤ kvk. The integral term in (2.2) accounts for a running cost, while the CT -term denotes
a terminal payoff assessed on the final (spatial) profile yT reached by the solution y driven by the
controller u.
2.2. Finite-horizon parameterizing manifolds. We recall here the notion of approximate parameterization of the high modes by the low ones such as characterized by finite-horizon PMs; see [CL14].
In that respect, we take the subspace spanned by the first m eigenmodes (i.e. with largest wave
numbers) as the subspace associated with the low modes, namely,
Hc := span{e1 , · · · , em },

(2.3)

where m is typically chosen so that Hc contains an important fraction of the energy contained in the
solutions of (2.1). The orthogonal complements Hs and V s , of Hc , in H and V, respectively, will be
referred to be associated with the high modes, leading to the decompositions:
H = Hc ⊕ Hs , and V = Hc ⊕ V s .

(2.4)

Note that any eigenmode, ej , will be assumed hereafter to be regular enough so that ej belongs to
V. We are now in position to give the formal definition of a finite-horizon PM.
Definition 2.1 ([CL14]). Let t∗ > 0 be fixed, O be an open set in H, and U an open set in L2 (0, t∗ ; H).
A manifold M of the form
M := {ξ + hpm (ξ) | ξ ∈ Hc }

(2.5)

is called a finite-horizon parameterizing manifold (PM) over the time interval [0, t∗ ] associated with
the PDE (2.1) if the following conditions are satisfied:
(i) The function hpm : Hc → V s is continuous.
(ii) The following inequality holds for any y0 ∈ O and any u ∈ U:
Z t∗
Z t∗
2
pm
(2.6)
ys (t, y0 ; u) − h (yc (t, y0 ; u)) V dt <
kys (t, y0 ; u)k2V dt,
0

0

where yc (·, y0 ; u) (resp. ys (·, y0 ; u)) denotes the projection to Hc (resp. V s ) of the solution
y(·, y0 ; u) to the PDE (2.1) driven by u, and emanating from y0 ∈ O .
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Given y0 ∈ O, if ys (·, y0 ; u) is not identically zero, the parameterization defect of M over [0, t∗ ],
associated with the control u, is defined as the following ratio:
R t∗
pm (y (t, y ; u)) 2 dt
c
0
0 ys (t, y0 ; u) − h
∗
V
.
(2.7)
Q(t , y0 ; u) :=
R t∗
2
ky
(t,
y
;
u)k
dt
s
0
V
0
As announced earlier, a finite-horizon PM allows thus for the unexplained (cumulative) high-mode
R t∗
energy, 0 kys (t, y0 ; u)k2V dt, to be reduced over [0, t∗ ] when the parameterization hpm is applied to
the low modes.
2.3. PM-based suboptimal controllers and error estimates. Given a parameterization, hpm ,
associated with some finite horizon PM over [0, T ], we consider the following m-dimensional PM-based
reduced system:
dz
(2.8)
= Pc Lz + Pc B(z + hpm (z), z + hpm (z)) + Pc CuR ,
dt
where uR ∈ L2 (0, T ; Hc ). The system (2.8) is aimed to model the dynamics of the low modes Pc y(t)
by z(t), and the dynamics of the high modes Ps y(t) by hpm (z(t)).
With the cost functional (2.2) substituted by
Z T



(2.9)
JR (z, uR ) =
G z(t) + hpm (z(t)) +E(uR (t)) dt + Pc CT (yT ),
0

we arrive at the following finite-horizon PM-based reduced optimal control problem associated with
(P):
(Psub )

min JR (z, uR )

s.t.

(z, uR )

solves

(2.8), where (z, uR ) ∈ L2 (0, T ; Hc ) × L2 (0, T ; Hc ).

It is then natural to ask how “close” a low-dimensional suboptimal controller u∗R solving (Psub ) is to
the optimal controller u∗ solving (P). This is the object of the following corollary, whose proof can
be easily adapted from [CL14, Theorem 1] to deal with the CT -term originally absent.
Corollary 2.1. Assume that the optimal control problems (P) and (Psub ) admit each an optimal
controller u∗ and u∗R , respectively. Assume that the parametrization hpm is locally Lipschitz and that
there exist σ > 0 and a neighborhood U ⊂ L2 (0, T ; H) of u∗ , such that for all v ∈ U:
(2.10)

J(y(·; v), v) − J(y ∗ , u∗ ) ≥ σkv − u∗ k2L2 (0,T ;H) ,

where y(·; v) denotes the solution to (2.1) with v in place of the controller u.
Finally, assume that the linear operator C leaves stable the subspaces Hc and Hs , i.e. CHc ⊂ Hc
and CHs ⊂ Hs .
Then, the following error estimate holds:
(2.11)
 |CT (y ∗ ) − CT (y ∗ )|
p
C q
R,T
T
∗
∗ 2
∗
∗
∗
∗
kuR − u kL2 (0,T ;H) ≤
,
Q(T, y0 ; uR )kyR,s kW + Q(T, y0 ; u )kys kW +
σ
σ
∗ := P y ∗ and y ∗ := P y ∗ denote the high-mode projections of the suboptiwhere W := L2 (0, T ; V); yR,s
s
s R
s
∗ and of the optimal trajectory y ∗ to (2.1) driven respectively by u∗ and u∗ ; and C is
mal trajectory yR
R
some positive constant.
The error estimate above shows in particular that, besides the difference of the cost values associated
with the terminal payoffs, the closeness of u∗R to u∗ is mainly conditioned on two factors: (i) the
parameterization defect of a given PM, associated respectively with the suboptimal controller u∗R and
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the optimal controller u∗ ; and (ii) the energy kept in the high modes of the PDE solution either driven
by u∗R or u∗ itself.
2.4. Finite-horizon PMs built from the uncontrolled PDE. A key finite-horizon PM has been
introduced in [CL14]. Its design is built from the uncontrolled version of (2.1), while still providing a
finite-horizon PM for the controlled PDE (2.1). Given a low-mode reduced phase space Hc of dimension m, it consists of parameterizing the high-mode variables in terms of an homogeneous quadratic
polynomial, h(1) , of the low-mode variables, ξ = (ξ1 , ..., ξm ); the coefficients of h(1) being analytically
determined by the method of pullback approximation of the high-modes [CL14] applied to (2.1) when
u = 0, to give
X X ξi ξi hB(ei , ei ), en i
2
1
1 2
en ,
(2.12)
h(1) (ξ) =
−
β
+
β
β
n
i
i
2
1
2
n>m
(i1 ,i2 )∈I

where h·, ·i denotes the inner product of H; I := {1, · · · , m}; and for each n > m, en denotes
any eigenmode living in the high-mode space V s . We recall that the validity of such a formula is
subject to a non-resonance condition that requires βi1 + βi2 > βn for each set of indices such that
hB(ei1 , ei2 ), en i =
6 0, and we refer to [CL14, Lemma 1] for conditions under which h(1) given by (2.12)
is ensured to provide a finite-horizon PM for the controlled PDE (2.1).
3. Post-Processing Finite-Horizon PMs built from the uncontrolled PDE
As carefully analyzed in [CL14, Sect.5.5] on a Burgers-type equation and completed by the numerical
results of Sec. 4.1 below, the quadratic parameterization h(1) given by (2.12) leads very often to a
finite-horizon PM for (2.1) even when conditions of [CL14, Lemma 1] are violated. The low-dimensional
suboptimal controllers designed by solving the associated reduced problem (Psub ), may achieve then
good performances depending on whether the parameterization defects and the high-mode energies
involved in the RHS of (2.11) are sufficiently small, as predicted by the theory.
In that respect, if the suboptimal controller pumps too much energy into the system over a horizon
∗
∗ k
[0, T ], the high-mode energy kyR,s
W may grow dramatically so that even if Q(T, y0 ; uR ) stay small,
a deterioration of the control performances achieved by u∗R can occur. This is exactly what has been
reported in [CL14, Sect.5.5]; see Figs. 2 and 3 therein.
To prevent such a phenomenon to take place, it is then natural to propose a high-mode parametrization aiming to further reduce the high-mode energy once the PDE (2.1) is driven by the h(1) -based
suboptimal controller u∗R . This idea motivates the post-processing procedure that we describe now.
This procedure consists, given a finite horizon [0, T ] and the h(1) -based suboptimal controller u∗R ,
to seek for a quadratic high-mode parameterization e
h(1) so that:
Z T
2
ys (t, y0 ; u∗R ) − e
h(1) (yc (t, y0 ; u∗R )) V dt,
(3.1)
min
e
h(1) ∈P 0

is achieved; where e
h(1) lives in the set P of functions in V s having their en -components given by
quadratic (real) polynomials of the low-mode variables, i.e.
(3.2)

e
h(1) (ξ) =

X
n≥m+1

Pn (ξ1 , · · · , ξm )en , ξ =

m
X

ξi ei ∈ Hc ,

i=1

with Pn being a quadratic polynomial for each n.
The form of e
h(1) is clearly guided by the analytic expression of h(1) given by (2.12) where however
linear and constant terms are now included in the Pn -polynomials. It will turn out that the latter
terms are crucial to take into account the forcing effects brought by u∗R such as discussed above; these
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linear and constant terms being absent from h(1) , designed from the uncontrolled PDE; see Section
4.2 below. Analogies with PMs introduced for PDEs subject to additive noise can be drawn here;
we refer to [CLW13] where such first order terms were also shown to be important to take account
properly of the associated forcing effects.
In practice, e
h(1) is simply determined from a standard L2 -regression to estimate empirically the
coefficients of each Pn , once the PDE solution driven by u∗R has been numerically computed over [0, T ].
Having e
h(1) available allows for the design of e
h(1) -based suboptimal controllers whose performances
are analyzed in Section 4.2 below on optimal control problems of type (P) for a Burgers-type equation.
4. Applications to a Burgers-type equation
In this section, we report on the numerical performances achieved by suboptimal controllers built
from the reduced optimal problem (Psub ) based on the analytic quadratic parameterization h(1) , on one
hand; and its post-processing version e
h(1) , on the other. In that purpose, the following Burgers-type
equation will serve as theoretical laboratory; see [BKS01] for a physical context where such equations
arise. The PDE model takes here the following form:
dy
2
= ν∂xx
y + λy − γy∂x y + u, (x, t) ∈ (0, l) × (0, T ],
dt
where ν, λ and γ are positive parameters, and u is a distributed controller. Dirichlet boundary conditions y(0, t; u) = y(l, t; u) = 0 are considered, and initial data y0 are taken in H := L2 (0, l). Note
2 y + λy, B defined by
that Eq. (4.1) fits within the abstract form (2.1) with L defined by Ly = ν∂xx
B(y, y) = −γy∂x y, and with C taken here to be the identity map of H. Here V is taken to be the
Sobolev space H01 (0, l); see [CL14] for more details.
The cost functional associated with (4.1) is taken to be
Z T

1
µ1
(4.2)
J(y, u) =
ky(t)k2 + ku(t)k2 dt + CT (yT ),
2
2
0
(4.1)

where CT (y(T )) := µ22 ky(T ) − Y k2 , µ1 and µ2 are some positive constants, Y ∈ L2 (0, l) is a given
target profile, and k · k denotes the L2 (0, l)-norm.
2 2
Recall that the eigenvalues of L are given by βn (λ) := λ − νnl2π , n ∈ N, with corresponding
p
eigenvectors given by en (x) := 2/l sin(nπx/l), x ∈ (0, l). In what follows, λ is chosen bigger than
λc := νπ 2 /l2 such that L admits one and only one unstable eigenmode. For such a chosen λ, the
uncontrolled version of (4.1) admits two non-trivial (and nonlinearly) stable steady states, y ± , see
[HW06]. This property will be used in the choices of initial data and targets for the associated
optimal control problems analyzed hereafter. In the numerical experiments that follow, Eq. (4.1) will
be integrated by use of a semi-implicit time discretization and a spectral method based on the discrete
sine transform; see [CL14, Sec 5.4] for more details.
Throughout this section, the reduced phase space Hc is taken to be spanned by the unstable mode
e1 and the first stable mode e2 , namely Hc := span{e1 , e2 }.
4.1. Numerical results based on the PM-parametrization h(1) . For Hc given above, h(1) given
by (2.12) reduces to
h(1) (ξ1 e1 + ξ2 e2 ) = α1 ξ1 ξ2 e3 + α2 (ξ2 )2 e4 ,
√
√
where α1 := −3γπ/[ 2l3/2 (β1 (λ)+β2 (λ)−β3 (λ))] and α2 := − 2γπ/[l3/2 (2β2 (λ)−β4 (λ))]; see [CL14,
Eq. (5.20)].
(4.3)
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Note that h(1) parameterizes only the third and the fourth high modes. This specificity is due
to the nature of the nonlinearity and the geometry of the domain, which lead here to the following
characterization of the hB(ei1 , ei2 ), en i-coefficients in (2.12):
• Bin1 ,i2 := −γhei1 ∂x ei2 , en i = −αi2 if n = i1 + i2 ;
• Bin1 ,i2 = −αi2 sgn(i1 − i2 ) if n = |i1 − i2 |;
• Bin1 ,i2 = 0 otherwise;
where α :=

√ γπ .
2l3/2

In particular, Bin1 ,i2 = 0 for all n ≥ 5 and 1 ≤ i1 , i2 ≤ 2.

With the analytic expression of h(1) given in (4.3), the corresponding 2D reduced system of type
(2.8) can be readily derived (see [CL14, Eq. (5.25)]):
h
i
dz1
= β1 (λ)z1 + αz1 z2 + α1 z22 + α1 α2 z23 + uR,1 (t),
dt
(4.4)
h
i
dz2
= β2 (λ)z2 + α − z12 + 2α1 z12 z2 + 2α2 z23 + uR,2 (t),
dt
where zi = hz, ei i and uR,i = huR , ei i, i = 1, 2.
The corresponding reduced optimal control problem of type (Psub ) associated with (4.4), is solved
by the Pontryagin maximum principle (PMP) [PBGM64], which leads in turn to a boundary value
problem (BVP) [Kir12] itself solved by a collocation method such as implemented in the Matlab builtin routine bvp4c; a costate-based explicit formula is then used to obtain the suboptimal controller u∗R ;
see [CL14, Eq. (5.30)].
The cost functional (4.2) being quadratic in u and the system (4.4) being affine in u, it is known
that the controller obtained by solving the BVP is the unique global optimal controller for the reduced
problem; see [Kir12, Sect. 5.3].
Following [CL14], a 16D Galerkin reduced system of (4.1) is used to design a high-dimensional
e∗G ) to (P) associated with (4.1) and (4.2). The latter will serve as
suboptimal solution (y(·; u
e∗G ) ; u
basis for comparison with the performances achieved from an h(1) -based 2D suboptimal controller u∗R .
The corresponding controllers
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Figure 1. Left panel: PDE solution profiles at T = 3 driven respectively by the h(1) based 2D suboptimal controller u∗R (blue curve), and the 2D Galerkin-based suboptimal
controller u∗G (green curve). The initial datum is y0 = 0.8y + (in dashed black) and the
target Y (in solid black) is taken to be Y = −0.1hy − , e1 ie1 +hy − , e2 ie2 −0.1hy − , e3 ie3 +
0.3hy − , e4 ie4 . Right panel: The corresponding suboptimal controllers u∗R = u∗R,1 e1 +
u∗R,2 e2 , and u∗G = u∗G,1 e1 + u∗G,2 e2 . In both cases, the cost J in (4.2) is taken with
µ1 = 1 and µ2 = 20. The other parameters are set as follows: l = 1.3π, ν = 1, γ = 2.5,
λ = 3λc . The integration of Eq. (4.1) is performed with δt = 10−4 (time step) and
δx ≈ 0.02 (spatial mesh size).
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MICKAËL D. CHEKROUN AND HONGHU LIU

Fig. 1 shows a situation where the h(1) -based 2D suboptimal controller u∗R is able to drive the PDE
solution over [0, 3], with a relative L2 -error to a prescribed target Y close to a nearly optimal one
(ky(T ; u∗R ) − Y k/kY k = 10.61%, vs ky(T ; u
e∗G ) − Y k/kY k = 9.19%), while keeping the cost nearly
∗
∗
∗
optimal (J(y(·; uR ), uR ) = 4.73, vs J(y(·; u
eG ), u
e∗G ) = 4.69). We refer to the caption of Fig. 1 for the
numerical setup.
In contrast, a 2D suboptimal controller u∗G , designed from a 2D Galerkin reduced system, fails in this
task, leading to a relative L2 -error of 83.17% and a cost value of 15.5. These results show that the highmode parametrization such as proposed by (4.3) can definitely help obtain better performances than
those achieved by a standard 2D Galerkin-based suboptimal controller, where such parametrizations
are by nature disregarded. As noted above, an h(1) -based suboptimal controller can however pumps too
much energy in the high-modes, leading typically to an undesirable deterioration of the performances
compared to those reported here.
4.2. Post-processed version of h(1) : Numerical results. We place ourselves in a situation where
an h(1) -based suboptimal controller u∗R fails in obtaining good control performances, while still providing a finite-horizon PM for (4.1); see blue curves in panels (a) and (c) of Fig. 2. The parameter
regime is the same as used for Fig. 1; the main difference relying on the target considered here
Y = −0.3hy + , e1 ie1 − 0.1hy + , e2 ie2 ,

(4.5)

that now lives in the 2D space Hc and thus does not contain high-mode energy compared to Y used
for Fig. 1. The latter represented about 10% of the total energy of the corresponding Y -profile; here
it is reduced to zero.
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Figure 2. (a): PDE solution profiles at T = 3 driven respectively by the h(1) -based
2D suboptimal controller u∗R (blue curve), and the e
h(1) -based 2D suboptimal controller
u
e∗R (red curve). The target Y (black curve) is given by (4.5), and the initial datum is
y0 = y + . (b): The corresponding suboptimal controllers u∗R = u∗R,1 e1 + u∗R,2 e2 , and
u
e∗R = u
e∗R,1 e1 + u
e∗R,2 e2 . (c)-(d): The parameterization defects over [0, 3], associated
with h(1) and e
h(1) driven respectively by u∗R and u
e∗R . The other parameters are those
used for Fig. 1.
It is now asked to drive the model from an initial datum containing (about) 10% of its energy (like
in Fig. 1) in the high modes to a state only spanned by its low modes (unlike in Fig. 1). Due to the
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large weight put on the terminal payoff term (µ2 = 20 vs µ1 = 1 in (4.2)), the associated optimal
control problem (P) for (4.1) exhibits then an essential difference with the case considered for Fig. 1.
Figure 3 below help visualize how the h(1) -based 2D controller u∗R suffers in that new setting. This
figure reports on panels (a) and (b), the low-mode and high-mode contributions of the (pointwise)
difference between the PDE solution driven by u∗R and the one driven the high-dimensional 16D
Galerkin-based controller u
e∗G . Clearly, the h(1) -based suboptimal controller pumps too much of energy
in the high-modes right before the final time T = 3 is reached, compared to the high-dimensional
nearly optimal controller u
e∗G ; see Fig. 3 (b). This over parameterization of the high-modes results in
a significant deviation from the target (4.5) as illustrated on the panels (a) of Fig. 2 and Fig. 3.
We test now how the post-processing methodology outlined in Section 3 can help improve the
design of 2D suboptimal controllers for the problem at hand. For that purpose, given the PDE
solution y(t, y + ; u∗R ) (t ∈ [0, 3]), we solved numerically the problem (3.1) with e
h(1) given by
e
h(1) (ξ1 e1 + ξ2 e2 ) =

(4.6)

12 
X


an + fn (ξ) + gn (ξ) en ,

n=3

where a standard regression was applied to estimate the coefficients an , and those of the linear and
quadratic polynomials, fn and gn , such as written in the variable ξ = (ξ1 , ξ2 ).
(a): (b): (c): (d):

(a): (b): (c): (d):

(a): (b): (c): (d):

(a): (b): (c): (d):

Figure 3. (a) (resp. (c)): Difference between the low-mode projection of the PDE
solution fields driven by u∗R (resp. u
e∗R ) and by u
e∗G ; (b) (resp. (d)): High-mode analogue
of (a) (resp. (c)).
Compared to h(1) given in (4.3), the new post-processed parameterization e
h(1) contains linear and
constant terms, and parameterizes the fifth to the twelfth modes in terms of the low modes. The
performances of the resulting e
h(1) -based 2D suboptimal controller u
e∗R , obtained by solving the reduced
optimal control problem (Psub ) with hpm = e
h(1) , are shown in panels (a) of Figs. 2 and panels (c) and
(d) of Fig. 3. Table 1 below reports on the associated cost values and final-time relative L2 -errors
compared to those achieved by a high-dimensional (16D) Galerkin-based nearly optimal controller.
Note that as in Section 4.1 an indirect approach is again applied to solved (Psub ) by application of
the PMP; the resulting BVP being solved again by the Matlab routine bvp4c; see [CL14].
The very good control performances achieved by the post-processed 2D suboptimal controller u
e∗R ,
comes with a parameterization defect for e
h(1) significantly smaller than for h(1) (see Fig. 2 (c)-(d)),
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Table 1. Cost values and final-time relative L2 -errors associated with the suboptimal controllers
u∗R (2D) u
e∗R (2D) u
e∗G (16D)
12.48
5.07
5.02
+
ky(T ; y , u) − Y k/kY k 107.23% 15.74%
11.41%
J(y(·; y + , u), u)

resulting in an improvement of the high-mode parameterization. This improvement comes with a
noticeable reduction of the “over pumping” issue observed to occur (right before T = 3) on the highmode energy of the PDE solution driven by u∗R ; compare panel (b) with panel (d) of Fig. 3. Such
reductions in the parameterization defects and in the high-mode energy are then not surprising to
occur with an improvement of the control performances, in agreement with the theoretical predictions
that can be drawn from (2.11).
Finally, it is worth mentioning that the improvements in accuracy achieved by the post-processed
(1)
e
h -based 2D suboptimal controller, comes at only twice the numerical cost of the design of an h(1) based controller, while still being approximately half less expansive than for the design of a 16D
Galerkin-based nearly optimal controller; for comparable performances.
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